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Abstract 

^h. We review recent progress in computations of amplitudes in gauge theory 

c-| ! and gravity. We compare the perturbative expansion of amplitudes in M = 4 

super Yang-Mills and M = 8 supergravity and discuss surprising similarities. 
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1 Introduction 



Perturbative gauge theory and gravity in four dimensions are quite dissimilar from a 
dynamical viewpoint. Gauge theory (e.g. pure Yang-Mills theory) is a renormalisable 
theory that is strongly coupled in the infrared and asymptotically free in the ultraviolet. 
Gravity on the other hand is a weakly coupled theory in the infrared but strongly 
coupled in the ultraviolet. By power counting, gravity in four dimensions is potentially 
a non-renormalisable theory. Pure gravity scattering amplitudes are finite at one-loop 
with the first divergence occurring at two- loops [1]. 

Supersymmetry generally softens the UV behaviour in a quantum field theory. For 
example, maximally supersymmetric Yang-Mills is a finite theory [2] and supergravity 
theories have a finite S-matrix until at least three loops [3]. Although four-dimensional 
power counting and counter-term arguments suggest that supergravity theories are non- 
renormalisable [4] this has, so far, not been tested by direct computations. Arguments 
based on power counting within unitary cuts suggest that the first counter term in 
maximal supergravity [5] is expected at five loops [6, 7]. 

Recently, initiated by the duality between gauge theories and a twister string the- 
ory [8], there has been much progress in the computation of amplitudes in gauge theory. 
In this talk we discuss how these ideas may be applied to gravity calculations and the 
results thereof. We will first review the recent progress in computing physical on-shell 
tree amplitudes for gravity theories particularly focusing on the on-shell recursion rela- 
tions [9, 10] and the MHV-vertex construction [11, 12, 13, 14, 15]. Later we will discuss 
one-loop amplitudes. A surprising result is that the one-loop amplitudes of Af = 4 SYM 
and Af = 8 supergravity [16, 17] occur to be expressible in terms of scalar box integral 
functions - despite the expectation from power counting. Supergravity multi-loop am- 
plitudes are not directly addressed, however, the structure of amplitudes at tree-level 
and one-loop have, through factorisation and unitarity, important consequences on the 
structure of higher loop amplitudes. 



2 Old and New Techniques for Gravity Tree Ampli- 
tudes 



Graviton scattering amplitudes are extremely difficult to evaluate using conventional 
Feynman diagram techniques. In this section we review alternative methods: 1) the 
Kawai-Lewellen-Tye relations, 2) on shell recursion relations and 3) MHV vertex con- 
structions. 

1) Gravity amplitudes can be constructed through the Kawai, Lewellen and Tye 
(KLT)-relations [18] as squares of gauge theory amplitudes. The KLT relations are 
inspired by the naive string theory relation 



closed string ~ (left-mover) x (right-mover) , 
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and have the explicit form, up to five points, 



M 3 trcc (l,2,3) = -^(1,2,3)^(1,2,3), 
Mf ee (l,2,3,4) = -i Sl2 Af e (l,2,3,4)Af e (l,2,4,3), 
M 5 trce (l, 2, 3, 4, 5) = ts 12 s 3A A?»(l, 2, 3, 4, 5)Af c (2, 1, 4, 3, 5) 
+ isi 3 S24 3, 2, 4, 5)Af c (3, 1, 4, 2, 5) , 

where A^ ree are the tree-level colour-ordered gauge theory partial amplitudes. We sup- 
press factors of g n ~ 2 in the A^ ce and (/t/2) n ~ 2 in the M 3 tree . 



The KLT relations are helpful in the calculation of gravity tree amplitudes, however 
they have some undesirable features. The factorisation structure is not manifest and the 
expressions do not tend to be compact, as the permutation sums grow rather quickly with 
n. In fact, the Berends, Giele and Kuijf (BGK) form of the MHV gravity amplitude [19], 



is rather more compact than that of the KLT sum (as is the expression in [10].) In the 
above we use the definitions, [k\K iyj \l) = (A; + | = fCij\k~) = (l\K iy j\k\ = 

J2i =i [ka] (a I) , and N(n) = Yli<i<j< n (*.?')• m terms of the above Weyl spinors we 
often use twistor variables A" = \kf) and A" = \k~). The MHV amplitudes for graviton 
scattering display a feature not shared by the Yang-Mills expressions, they depend not 
only on the holomorphic variables A, but also on the anti-holomorphic A variables (within 
the Sij for the KLT expression). 

2) In a recent computational approach for amplitudes, Britto, Cachazo, Feng and 
Witten [9] obtained on-shell recursion relations for trees. The recursion relations are 
based on factorisation properties of amplitudes and are thus applicable to a wide range 
of theories and in particular to gravity [9, 10]. The technique is based on analytically 
shifting a pair of external legs, \ — > \ + z\j, Aj — > \j — z\ , and on determining 
the physical amplitude, M n (0), from the poles in the shifted amplitude, M n (^).This 
leads to a recursion relation of the form, 



where the factorisation is only on these poles, z a , where legs i and j are connected 
to different sub-amplitudes. An essential condition for the recursion relations is that 
the shifted amplitude M n (z) vanishes for large z. Whereas proven for gauge theory 
amplitudes a general proof (for arbitrary helicities [10]) in gravity is an open problem. 

Recursion relations based on the analyticity in the complex plane can also be used 
at loop level both to calculate rational terms [20] and the coefficients of integral func- 
tions [21]. 




x II II (ij))]l(-[n\K l+1>n . 1 \l))+V(2,3 r -- ,n-2) 



M n (0) = J2^- ka+ 2(z a ) x — x M ka (z a ) , 
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3) Finally, we would like to mention the CSW construction [11, 22] of amplitudes 
and its generalisation to gravity [15] . In this approach MHV-amplitudes are treated as 
fundamental vertices and generic scattering amplitudes are expanded in terms of these 
MHV-vertices. 

Considering the N S MHV amplitude with n external legs. One would begin by draw- 
ing all diagrams which may be constructed using MHV vertices. 

K ••• 

\/ i \/ x 






The contribution from each diagram is a product of (s + 1) MHV vertices and s propa- 
gators as indicated above. 

The contribution of a given diagram to the total amplitude can be calculated by evalu- 
ating the product of MHV amplitudes and propagators, 

M n I CSW-diagram = I II 

V=l,s+1 

where the propagators are computed on the set of momenta ki and pj, and the MHV 
vertices are evaluated at shifted momenta ki and pj. The momenta ki are external and 
the momenta pj internal, and given by momentum conservation at each MHV- vertex. A 
key feature is the interpretation of the MHV amplitudes for internal legs. For Yang-Mills 
where the MHV vertices only depend on A the correct interpretation is [11] 

HP) a =PadV a , 

for an arbitrary reference spinor rj. For gravity amplitudes we must also solve for X(p) 
which is less obvious [23] and will be a function of the momentum of the negative helicity 
legs. It turns out that all spinors are uniquely defined in terms of the shifted momenta 
ki and pj if we demand that they are null vectors obeying momentum conservation at 
each vertex. 

Explicitly they are given by shifting the negative helicity legs \ by 

\ — ► Aj + aifj , 

and leaving Xj of the positive helicity legs kj+ untouched. The s + 2 parameters, cij- 
are uniquely fixed [15] by demanding a) overall momentum conservation, b) momentum 
conservation at each vertex and finally c) that the internal momenta, pj, are massless 

Pj 

As an example of how the MHV-vertex constructions works for gravity, we can 
consider the n-point NMHV amplitude with three negative helicity legs m». The MHV- 
vertex approach gives the amplitude in the form, 



M MHV (£ r , k+, ■ ■ ■ fc+ p~) x - 2 x M MHV (%, kk? +1 , ■ ■ ■ k+_ 3 ,P" 



perms, r 
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where the sum runs over diagrams involving all choices of r > and all permutations of 
the negative and positive helicity legs. To illustrate the correct continuation, the three 
negative helicity A must be shifted A, — > A, + 0^77. Imposing the momentum constraints 
leaves us with a shift, 

Ai — > Ai + z(k 2 ,k 3 )fj , 

together with the cyclic shifts of the other two legs. Momentum is conserved for any 
value of the parameter z. Requiring p 2 = then fixes z uniquely as z = p 2 /[r)\p\ki) and 
the MHV vertex expansion is completely determined. 

3 One-Loop Amplitudes in N = 8 Supergravity 

In a Yang-Mills theory, the loop momentum polynomial in a one-loop n-point diagram 
will generically be of degree < n. Af = 4 one-loop amplitudes exhibits considerable 
simplification and the loop momentum integral will be of degree n — 4 [24, 25]. Conse- 
quently, from a Passarino-Veltman reduction [26], the amplitudes can be expressed as a 
sum of scalar box integrals with rational coefficients, 

a 

Determining the amplitude then reduces to determining the rational coefficients c a . In- 
spired by the duality in [8], considerable progress has recently been made in determining 
such coefficients, c a , using a variety of methods based on unitarity [25, 27, 28, 29]. 

For Af = 8 supergravity the equivalent power counting arguments [30] give a loop 
momentum polynomial of degree 

2(n-4), 

which is consistent with Eq. (2.1). Reduction for n > 4 leads to a sum of tensor box 
integrals with integrands of degree n — 4 which would then reduce to scalar boxes and 
triangle, bubble and rational functions, 

M l-loop = J- Call + J2 « + E e « J 2 + R > 
a a a 

where the J3 are present for n > 5, I2 for n > 6 and R for n > 7. 

There is evidence that all one-loop amplitudes of Af = 8, like the Af = 4 amplitudes 
Eq. (3.1), can be expressed as a sum over scalar box integrals, the so called "no-triangle 
hypothesis" [16, 17]. Firstly, in the few definite computations at one-loop level, trian- 
gle or bubble functions do not appear. The first computation was of the four-point 
amplitude [31] where only box functions appear (although this is consistent with power 
counting). Beyond this computations of the five and six point MHV-amplitudes yielded 
only scalar box-functions [32] . 

Secondly, the factorisation properties of physical amplitudes do not demand the 
presence of these functions. Since the four and five point amplitudes are triangle-free 
then in any factorisation limit of a higher point function the triangles must vanish. In 
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this spirit an ansatz for the n-point MHV amplitude was constructed [32] entirely of box 
functions consistent in all soft limits. 

Thirdly, one can check whether the amplitudes composed purely from box-functions 
precisely give the expected soft divergence in an graviton amplitude [33], 



w-one-loop _ - 2 
M fl,2,...,nl - lC ? K 



Tn<j s ij H- S ij] 

2e 



x M\l cc 



2,...,n]- 



In [17] the box coefficients were explicitly computed for the six-point NMHV amplitudes 
confirming the above claims. 

The "no-triangle" hypothesis applies to one-loop amplitudes. However, by factori- 
sation it should have implications beyond one-loop suggesting the UV behaviour of 
maximal supergravity may be significantly milder than expected from power counting. 



References 

[1] G. 't Hooft and M. J. G. Veltman, Annales Poincare Phys. Theor. A 20 (1974) 69; 
M. H. Goroff and A. Sagnotti, Nucl. Phys. B 266 (1986) 709. 

[2] S.Mandelstam, Nucl.Phys. B 213, 149 (1983). 

[3] M. T. Grisaru, P. van Nieuwenhuizen and J. A. M. Vermaseren, Phys. Rev. Lett. 
37, 1662 (1976); M. T. Grisaru, Phys. Lett. B 66 (1977) 75; E. Tomboulis, Phys. 
Lett. B 67 (1977) 417. 

[4] S. Deser, J. H. Kay and K. S. Stelle, Phys. Rev. Lett. 38, 527 (1977); P. S. Howe 
and U. Lindstrom, Nucl. Phys. B 181, 487 (1981). 

[5] E. Cremmer, B. Julia and J. Scherk, Phys. Lett. B 76, 409 (1978); E. Cremmer 
and B. Julia, Phys. Lett. B 80, 48 (1978). 

[6] Z. Bern, L.J. Dixon, D.C. Dunbar, M. Perelstein and J.S. Rozowsky, Nucl. Phys. 
B 530, 401 (1998); Class, and Quant. Grav. 17, 979 (2000). 

[7] P. S. Howe and K. S. Stelle, Phys. Lett. B 554, 190 (2003). 

[8] E. Witten, Commun. Math. Phys. 252, 189 (2004). 

[9] R. Britto, F. Cachazo and B. Feng, Nucl. Phys. B 715 (2005) 499; R. Britto, 
F. Cachazo, B. Feng and E. Witten, Phys. Rev. Lett. 94 (2005) 181602. 

[10] J. Bedford, A. Brandhuber, B. Spence and G. Travaglini; Nucl. Phys. B 721 (2005) 
98; F. Cachazo and P. Svrcek. hep-th/0502160. 

[11] F. Cachazo, P. Svrcek and E. Witten, JHEP 0409, 006 (2004). 



5 



[12] A. Brandhuber, B. Spence and G. Travaglini, Nucl. Phys. B 706, 150 (2005); 

C. Quigley and M. Rozali, JHEP 0501, 053 (2005); J. Bedford, A. Brandhuber, 
B. Spence and G. Travaglini, Nucl. Phys. B 706, 100 (2005); A. Brandhuber, 

B. Spence and G. Travaglini, JHEP 0601, 142 (2006). 

[13] G.Georgiou and V.V.Khoze, JHEP 04 05 , 070 (2004); J.B.Wu and C.J.Zhu JHEP 
0409, 063 (2004); X.Su and J.B.Wu. Mod. Phys. Lett. A 20 (2005) 1065 

[14] L. J. Dixon, E. W. N. Glover and V. V. Khoze, JHEP 0412, 015 (2004); Z. Bern, 

D. Forde, D. A. Kosower and P. Mastrolia, hep-ph/0412167; S. D. Badger, 

E. W. N. Glover and V. V. Khoze. JHEP 0503 (2005) 023 

[15] N. E. J. Bjerrum-Bohr, D. C. Dunbar, H. Ita, W. B. Perkins and K. Risager, JHEP 
0601, 009 (2006). 

[16] Z. Bern, N. E. J. Bjerrum-Bohr and D. C. Dunbar, JHEP 0505 (2005) 056. 

[17] N.E.J. Bjerrum-Bohr, D.C. Dunbar and H. Ita, Phys. Lett B 621 (2005) 183; hep- 
th/0606268. 

[18] H. Kawai, D. C. Lewellen and S. H. H. Tye, Nucl. Phys. B 269, 1 (1986). 
[19] F. A. Berends, W. T. Giele and H. Kuijf, Phys. Lett. B 211, 91 (1988). 

[20] Z. Bern, L. J. Dixon and D. A. Kosower, Phys. Rev. D 73, 065013 (2006); 

C. F. Berger et al hep-ph/0604195; hep-ph/0607014. 

[21] Z. Bern, N. E. J. Bjerrum-Bohr, D. C. Dunbar and H. Ita, JHEP 0511, 027 (2005); 
hep-ph/0603187. 

[22] K. Risager, JHEP 0512, 003 (2005). 

[23] S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanelli, JHEP 0407, 059 (2004); 
J. B. Wu and C. J. Zhu, JHEP 0407, 032 (2004). 

[24] Z. Bern and D. A. Kosower, Phys. Rev. Lett. 66, 1669 (1991); Nucl. Phys. B 379, 
451 (1992); Z. Bern and D. C. Dunbar, Nucl. Phys. B 379, 562 (1992). 

[25] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, Nucl. Phys. B 425, 217 
(1994). 

[26] G. Passarino and M. Veltman, Nucl. Phys. B 160, 151, (1979). 

[27] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, Nucl. Phys. B 435, 59 (1995). 

[28] Z. Bern, V. Del Duca, L.J. Dixon and D. A. Kosower, Phys. Rev. D 71, 045006 
(2005); Z. Bern, L. J. Dixon and D. A. Kosower. Phys. Rev. D 72 (2005) 045014; 
R. Britto, F. Cachazo and B. Feng, Phys. Rev. D 71 (2005) 025012; R. Roiban, 
M. Spradlin and A. Volovich. Phys. Rev. Lett. 94 (2005) 102002; R. Britto, F. Cac- 
hazo and B. Feng. Nucl. Phys. B 725 (2005) 275; S. J. Bidder, D. C. Dunbar and 
W. B. Perkins, JHEP 0508 (2005) 055. 



6 



[29] S. J. Bidder, N. E. J. Bjerrum-Bohr, L. J. Dixon and D. C. Dunbar, Phys. Lett. 
B 606, 189 (2005); S. J. Bidder, N. E. J. Bjerrum-Bohr, D. C. Dunbar and 
W. B. Perkins, Phys. Lett. B 608 (2005) 151; Phys. Lett. B 612 (2005) 75; R. Britto, 
E. Buchbinder, F. Cachazo and B. Feng, Phys. Rev. D 72 (2005) 065012. 

[30] Z. Bern, D.C. Dunbar and T. Shimada, Phys. Lett. B 312, 277, (1993); D.C. 
Dunbar and PS. Norridge, Nucl. Phys. B 433, 181 (1995). 

[31] M.B. Green, J.H. Schwarz and L. Brink, Nucl. Phys. B198:472 (1982). 

[32] Z. Bern, L. J. Dixon, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 546, 423 
(1999). 

[33] D. C. Dunbar and P. S. Norridge, Class. Quant. Grav. 14 (1997) 351. 



7 



